Designing single-beam multitrapping acoustical tweezers by Silva, Glauber T. & Baggio, Andre L.
Designing single-beam multitrapping acoustical tweezers
Glauber T. Silva1 and Andre´ L. Baggio
Physical Acoustics Group, Instituto de Fı´sica, Universidade Federal de Alagoas, Maceio´, AL 57072-970, Brazil.
Abstract
The concept of a single-beam acoustical tweezer device which can simultaneously trap microparticles at different points is proposed
and demonstrated through computational simulations. The device employs an ultrasound beam produced by a circular focused trans-
ducer operating at 1 MHz in water medium. The ultrasound beam exerts a radiation force that may tweeze suspended microparticles
in the medium. Simulations show that the acoustical tweezer can simultaneously trap microparticles in the pre-focal zone along the
beam axis, i.e. between the transducer surface and its geometric focus. As acoustical tweezers are fast becoming a key instrument in
microparticle handling, the development of acoustic multitrapping concept may turn into a useful tool in engineering these devices.
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1. Introduction
Noncontact particle handling methods based on optical [1]
and acoustic [2] radiation forces are promoting a revolution in
biotechnology and biomedical applications [3, 4, 5, 6, 7]. Tech-
niques for particle trapping which employ a laser and an ultra-
sound beam are known, respectively, as optical tweezer [8] and
acoustical tweezer [9]. Methods based on acoustical tweezers
are potentially useful in applications for which optical tweezers
can hardly operate. For instance, handling particles in opaque
medium to electromagnetic radiation cannot be performed by
optical tweezers. Furthermore, a laser beam may damage bio-
logical structures by heating and also by a process called pho-
todamage, which is related to the formation of singlet oxygen
when photon absorption occurs [10].
Two different approaches have been employed to acousti-
cally trap microparticles, namely standing waves and single-
beam methods. The first acoustical tweezer device used two
counterpropagating focused ultrasound beams to form a stand-
ing wave at 3.5 MHz, which was used to trap 270 µm-diameter
latex particles and frog eggs in water [9]. In other arrangement,
an ultrasound standing wave generated between a 2.1 MHz lin-
ear array and a reflector trapped alumina microparticles with
16 µm mean diameter [11]. Devices in the acoustofluidics realm
are, in general, based on standing waves [12, 13]. Standing
surface acoustic waves (SSAW) have been used to trap parti-
cles with diameter smaller than 8 µm suspended in microflu-
idic channels [14, 15]. Standing Bessel waves were gener-
ated by a circular 64-element ultrasonic array to manipulate
90 µm-diameter polystyrene microparticles in 2D [16]. Tilted
standing waves produced by a three PZT transducer setup
which operated at 1.67 MHz were used to trap and transport
a 100 µm-diameter silica bead [17]. Furthermore, the standing
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wave method has been also employed to levitate particles and
droplets in air [18, 19].
On the other hand, single-beam acoustical tweezers uti-
lize tightly focused transducers and linear arrays for trap-
ping microparticles in the device focus point. In particu-
lar, a 30 MHz-transducer with an f-number of 0.75 tweezed
a 126 µm-diameter lipid microdroplet [20]. Higher frequency
transducers operating at 200 MHz have been designed to han-
dle a 10 µm-diameter leukemia cell [21] and microsphere [22].
A PZT transducer equipped with a multi-foci Fresnel lens gen-
erated a 17.9 MHz zeroth-order Bessel beam, which was em-
ployed to trap microspheres ranging in diameter from 70 to
90 µm [23]. A 57.5 MHz needle hydrophone with an f-number
of 1 produced an ultrasound be which tweezed a 30 µm diam-
eter lipid microdroplet [24]. Also, a 64-element linear phased
array operating at 26 MHz was able to trap a 45 µm-diameter
polystyrene microparticle [25].
The key aspect in designing single-beam acoustical tweezers
is how to form a beam to trap a particle with an specific size.
Different schemes of acoustical tweezer beamforming have
been previously investigated for a circular focused [26, 27, 28]
and a linear array [29] transducer. In these studies, only one
trapping point located in the transducer focal zone was con-
sidered. Recently, the possibility of trapping a particle in the
nearfield of piezoelectric disk was discussed [30]. Perhaps the
most serious disadvantage of this method is that the yielded
ultrasound beam behaves like a plane progressive wave in the
vicinity of the beam axis at the nearfield [31]. Hence, the trans-
verse radiation force associated to the beam may not be strong
enough to hold a particle in 3D. In this work, a method to form
multiple microparticle traps in the pre-focal region of a piezo-
electric focused transducer is proposed. The method’s ability
to tweeze microparticles is theoretically demonstrated through
computational simulations. In so doing, the radiation force pro-
duced by a 1 MHz piezoelectric transducer, with focus at 50 mm
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and an f-number of 1.25, which is readily available commer-
cially, is computed on a microdroplet, made of either benzene
or peanut oil, suspended in water. For this transducer configura-
tion, trapping points arise in the pre-focal zone. After obtaining
the radiation force field, the dynamics of the microparticle trap-
ping is simulated considering effects of gravity, buoyancy and
Stokes’ drag. The results show that microparticle entrapment
occurs in points as close as one third of the transducer focal
distance.
2. Ultrasound beamforming
Before calculating the acoustic radiation force exerted on a
particle, we need to establish the ultrasound beamforming by
the focused transducer. Hence, consider a circular focused
transducer, with aperture 2b and curvature radius z0, mounted
on a compliant baffled at z = 0 (see Fig. 1). The transducer is
immersed in a inviscid fluid of density ρ0 and speed of sound
c0 and is uniformly excited with a sinusoidal signal of angu-
lar frequency ω. Thus, the ultrasound beam produced by the
transducer is a time-harmonic wave described by its pressure
pin(r)e−iωt and velocity of a fluid parcel vin(r)e−iωt, both ob-
served at the time t in the position r in a fixed coordinate sys-
tem. Hereafter, the time-harmonic term e−iωt will suppressed
for the sake simplicity. A useful pressure-velocity relation in
first-order approximation is obtained from the momentum con-
servation equation as follows [32]
vin = − i
ρ0c0k
∇pin, (1)
where k = ω/c0.
It is further assumed that the transducer concavity is fairly
small and the wavelength is much smaller than its radius. Hence
the ultrasound beam can be described in the paraxial approxi-
mation. In terms of the transducer parameter, these assumptions
read [34]
1
8N2
 1 and 1  kb  128piN3, (2)
where N = z0/(2b) is the transducer f-number. The model dis-
cussed here may not be suitable for transducers with N < 1. On
that account a different beamforming model might be consid-
ered [35].
By assuming that the transducer generates an axisymmetric
paraxial beam, the pressure field can be expressed in cylindrical
coordinates (%, z) as
pin(%, z) = −iρ0c0keikzq(%, z), (3)
where q is the velocity potential characteristic function. For a
circular focused transducer mounted on a perfectly compliant
baffle at z = 0, one can show that the characteristic velocity
z = 0
z
z0
b
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Figure 1: (Color online) Circular focused ultrasound transducer with aperture
2b and focus z0 actuating on a spherical particle of radius a located at r in the
medium.
potential is given by [34]
q(%, z) =
v0
z
exp
(
ik%2
2z
) ∫ b
0
exp
[
ik%′2
2
(
1
z
− 1
z0
)]
× J0
(
k%%′
z
)
%′d%′. (4)
where v0 is the magnitude of the normal vibration velocity on
the transducer surface, and Jm is the mth-order Bessel function.
In the focal plane z = z0, Eq. (4) becomes
q(%, z0) = −bv0 J1(kb%/z0)k% . (5)
In the paraxial approximation, it follows from Eq. (1) and (3)
that the fluid velocity is
vin ≈ −
[
(∂%q)e% + ikqez
]
eikz, (6)
where e% and ez are the unit-vector along the radial direction
and z-axis. Here we are using the shorthand notation ∂% = ∂/∂%
and ∂z = ∂/∂z. Note that in deriving Eq. (6), we have neglected
the term ∂zq, because |∂zq|  k|q|. This assumption is valid in
a region not very near to the transducer surface, say z > 0.3z0.
3. Radiation force on a Rayleigh particle
Our attention now turns to the acoustic radiation force ex-
erted by the ultrasound beam on a particle much smaller than
the wavelength, i.e. the so-called Rayleigh regime. The par-
ticle has radius a, density ρ1, speed of sound c1, and its posi-
tion is denoted by r. Viscous effects of the host fluid in the
radiation force analysis are neglected. This hypothesis holds
when the external viscous boundary layer of the particle [32]
δ0 =
√
2ν0/ω is much smaller than the particle radius, where ν0
is the kinematic viscosity of the host fluid.
Using the radiation force formulas in Cartesian coordinates
given in Ref. [36], one can show that the acoustic radiation
force Frad on the Rayleigh particle is the sum of three com-
ponents [37], namely the gradient Fgrad, the scattering Fsca, and
the absorption Fabs radiation forces. Thus, we have
Frad = Fgrad + Fsca + Fabs. (7)
2
The gradient radiation force is given by [38]
Fgrad(r) = −∇Urad(r), (8)
where
Urad = pia3
 f0 |pin|2
3ρ0c20
− f1 ρ0|vin|
2
2
 (9)
is the radiation force potential energy. The quantities f0 =
1 − ρ0c20/(ρ1c21) and f1 = 2(ρ1 − ρ0)/(2ρ1 + ρ0) are the com-
pressibility and density contrast factors of the particle, respec-
tively. The gradient radiation force appears due to the interfer-
ence between the incident and the scattered waves. Moreover,
this force is responsible for trapping particles at the minima of
the potential energy Urad.
The scattering radiation force is given by [37]
Fsca(r) = pia2(ka)4
[4
9
 f 20 + f0 f1 + 3 f 214
 I(r)c0
− f
2
1
6k
Im[∇ · ρ0vinv∗in(r)]
]
, (10)
where I = (1/2)Re[pinv∗in] is the incident intensity averaged in
time and ρ0vinv∗in is a dyadic (second-rank tensor).
The absorption radiation force reads [37]
Fabs(r) = pia2α˜1ka
[8(1 − f0)
3
I(r)
c0
− 12(1 − f0)
5(ρ˜−11 + 2)2
(ka)2
× 1
k
Im[∇ · ρ0vinv∗in(r)]
]
, (11)
where ρ˜1 = ρ1/ρ0 and α˜1 = α1(ω/2pi)2/k1 is the normalized ab-
sorption of the particle, with α1 being the absorption coefficient
and k1 = ω/c1. This equation is valid when absorption inside
the particle is described through the dispersion relation
κ1 = k1(1 + iα˜1). (12)
Furthermore, we also assume that the inner viscous boundary
layer [39] δ1 =
√
2ν1/ω is much smaller than the particle ra-
dius, where ν1 is the kinematic viscosity of the particle.
The absorption and the scattering radiation forces are only
relevant when the beam has a traveling part, i.e. it locally be-
haves as a traveling plane wave. In the focal region, the acoustic
beam has a traveling part. Thus, in principle, all three compo-
nents of the radiation force in the focal region have to be taken
into account. Both absorption and scattering radiation force
point to the forward beam propagation direction. Obviously,
these components tend to break the axial trapping stability.
The contribution of the momentum flux divergence Im[∇ ·
ρ0vinv∗in] and the time-averaged intensity I depend on the inci-
dent beam. In Appendix A, expressions of these two quantities
are derived in the axial direction for a focused ultrasound beam
in the paraxial approximation. In this case, we antecipate that
for the transducer parameters which will be consider later, the
contribution of the momentum flux divergence to the absorption
and scattering radiation forces is much smaller than that due to
the averaged intensity.
In the focal plane, a particle might be trapped in % = 0 if
∂2%U
rad(0, z0) > 0. Using Eqs. (3), (5) and (6) into Eq. (9), one
can show that this condition is satisfied when
f0 < −
3(k2b4 + 64z20)
8(kbz0)2
f1 ≈ − 3 f132N2 . (13)
If the particle is denser than the host fluid (ρ1 > ρ0), then 0 ≤
f1 ≤ 1. Thus, to have a stable trap in the transducer focus it is
necessary that f0 < 0 which means that the particle should be
less compressible than the host fluid. Yet not proven here, this
behavior has been observed in the radiation force computed in
the transducer pre-focal zone.
After obtaining the radiation force, one cannot assure that
the possible trapping points are stable. In fact, entrapment also
depends on gravity, buoyancy, and Stokes’ drag acting on the
microdroplet. Assume that gravity and buoyancy lies along the
y-axis. Thus, the effective energy potential on the particle is
given by
Ueff = Urad +
4pia3
3
(ρ1 − ρ0)gy, (14)
where g = 9.8 m/s2 is the Earth gravity acceleration.
4. Microdroplet dynamics
The microdroplet dynamics is computed considering the dy-
namic viscosity of water µ0 = 10−3 Pa · s. Let r and r˙ = dr/dt
denote, respectively, the position and the velocity of a micro-
droplet at the time t. The flow around the microdroplet is as-
sumed to be laminar. Hence, the drag force on the microdroplet
is given by the Stokes’ law [32] Fdrag = 6piµ0ar˙. According to
Newton’s second law, the microdroplet position is described by
the differential equation
r¨ + γ r˙ = arad(r) + geff, (15)
where γ = 9µ0/(2a2ρ1) is viscous damping coefficient, arad =
3Frad/(4pia3ρ1) is the acceleration due to the radiation force,
and geff = (ρ0/ρ1 − 1)gey is the acceleration due to gravity and
buoyancy effects, with ey being the unit-vector along the y-axis.
Equation (15) was solved using the forth-order Runge-Kutta
method in Matlab (The MathWorks Inc., Natick MA, USA).
The particle dynamics discussed here neglects acoustic
streaming caused by nonlinear and absorption effects in the host
medium. In fact, acoustic streaming may affect entrapment ow-
ing to the fact that it may cause an additional drag force on the
trapped particle. However, a study found that acoustic stream-
ing by a focused source is more significant in the focal and pos-
focal regions [33].
5. Numerical results and discussion
Consider the host medium as water with the following phys-
ical parameter ρ0 = 1000 kg/m3, c0 = 1480 m/s, and ν0 =
10−6 m2/s. The circular focused transducer used to generated
the incident ultrasound beam to the microdroplets operates at
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Figure 2: (Color online) Normalized time-averaged intensity I/I0 and normal-
ized momentum flux divergence k−1c0Im[∇ · ρ0vinv∗in]/I0 along the z-axis, pro-
duced by the focused transducer operating at 1 MHz frequency.
1 MHz with intensity I0 = ρ0c0v20/2 = 3.3 kW/m
2. At this fre-
quency, the external viscous boundary around the microdroplet
is δ0 = 0.56 µm. The transducer has aperture 2b = 40 mm, fo-
cal distance z0 = 50 mm, and an f-number N = 1.25. Since
kb = 84.9 and N = 1.25, the paraxial approximation inequal-
ities in (2) are readily satisfied. Two types of microdroplets
of radii a = 58.9 µm and size parameter ka = 0.25 (Rayleigh
particles) made of benzene and peanut oil are considered for
trapping. Note that the microdroplets are immiscible in wa-
ter. At room temperature, the physical parameters for ben-
zene are [40] ρ1 = 870 kg/m3, c1 = 1295 m/s, f0 = −0.5,
f1 = −0.09, ν1 = 7.47 × 10−7 m2/s, δ1 = 0.46 µm, and
α1 = 8.73 × 10−13 Np MHz−2 m−1; while for peanut oil we
have [41] ρ1 = 913 kg/m3, c1 = 1465.9 m/s, f0 = −0.12,
f1 = −0.06, ν1 = 8.1 × 10−5 m2/s, δ1 = 5 µm, and α1 =
1.5×10−12 Np MHz−2 m−1. With these parameters, the external
and the internal viscous boundary layers of the microdroplets
satisfy δ0  a and δ1 ≤ a/6, respectively.
5.1. Paraxial approximation model
In Fig. 2, we show the normalized momentum flux diver-
gence k−1c0Im[∇·ρ0vinv∗in]/I0 and the normalized time-averaged
intensity I/I0 along the z-axis. These quantities were computed
using Eqs. (A.4) and (A.5). Within the range 0.3z0 < z < 1.5z0,
the amplitude of the normalized momentum flux is less than
10% of that due to the normalized time-averaged intensity.
Therefore, we may neglect the contributions of the momentum
flux divergence term in both scattering and absorption radiation
forces given in Eqs. (10) and (11), respectively.
The axial radiation force components acting on a benzene
and a peanut oil microdroplet are shown in Fig. 3. The ra-
diation components were computed using Eqs. (8)-(11). The
gray region corresponds to the pre-focal zone of the transducer.
A trapping point is determined by observing that the radiation
force has negative slope and changes sign as a particle passes
through it. It is clear that the benzene microdroplet can be ax-
ially trapped at the focal distance z0 = 50 mm. Nevertheless,
this is not the case for the peanut oil microdroplet, because the
absorption radiation force is greater than of the magnitude of
the minimum value of the gradient force.
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Figure 3: (Color online) Axial radiation force components produced by the
focused transducer on (a) a benzene and (b) a peanut oil microdroplet with size
parameter ka = 0.25 and suspended in water. The transducer operates at 1 MHz
with intensity I0 = 3.3 kW/m2. The radiation components were computed
using Eqs. (8)-(11). The region in gray depicts the transducer pre-focal zone
z < z0 = 50 mm.
In Fig. 4, the axial and transverse radiation forces exerted
on the microdroplets are illustrated in the transducer pre-
focal zone z < z0 = 50 mm. Five trapping points, marked
with gray dots, are recognized in the pre-focal zone at z =
16.5, 18.8, 21.8, 26.1, 32.6 mm. It should be noticed that off-
axial stable points are also present in the transducer pre-focal
region.
In Fig. 5, we show the radiation force potential Urad along
the z-axis in the transducer pre-focal zone z < z0 = 50 mm.
The potential was calculated using Eq. (9). Five stable trapping
points are noticed in the minima of the potential function.
The effective potential energy Ueff along the y-axis of both
microdroplets are depicted in Fig. 6. Clearly, potential wells
are formed for all trapping points observed in Fig. 4. Thus,
they are points of stable equilibrium. The negative slope ob-
served in the effective energy potential as y increases appears
because we considered gravity effects as described in Eq. (14).
If the microdroplet mechanical energy lies within the potential
well, then the microdroplet will oscillate around the minimum
of Ueff. Due to the host fluid viscosity the mechanical energy
is worn out and the microdroplet is eventually trapped. For the
benzene microdroplet, the width of the potential well is about
50a (where a is the microdroplet radius) at z = 32.6 mm, but it
becomes 25a at z = 16.5 mm. The width of the potential well
for the oil droplet is 26a at z = 33 mm, whereas it becomes 16a
at z = 16.5 mm. The obtained width of the potential wells sug-
gests that many microparticles can be held on the same trapping
point. Moreover, Figs. 5 and 6 show that the considered micro-
droplets can be three-dimensionally trapped in the medium.
5.2. Microdroplet dynamics
The trajectories in phase space of the microdroplets are
displayed in Fig. 7. The initial position of the benzene
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Figure 4: (Color online) The acoustic radiation force (axial and transverse)
produced by the focused transducer on (a) and (b) the benzene, and (c) and (d)
the oil microdroplets with size parameter ka = 0.25 in water. The transducer
operates at 1 MHz with intensity I0 = 3.3 kW/m2. Gray dots indicate axial
trapping points at z = 16.5, 18.8, 21.8, 26.1, 32.6 mm. The acoustic radiation
force was computed using Eqs. (8)-(11).
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Figure 5: (Color online) Radiation force energy potential in the pre-focal zone
z < z0 = 50 mm generated by the focused transducer for (a) a benzene and (b) a
peanut oil microdroplet with size parameter ka = 0.25 and suspended in water.
The transducer operates at 1 MHz with intensity I0 = 3.3 kW/m2. The potenial
was computed using Eq. (9). The gray dots indicate the stable trapping points
at z = 16.5, 18.8, 21.8, 26.1, 32.6 mm.
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Figure 6: (Color online) Effective potential energy Ueff along the y-axis of
(a) a benzene and (b) an oil microdroplets with size parameter ka = 0.25
and suspended in water. The transducer operates at 1 MHz with intensity
I0 = 3.3 kW/m2. The potenial functions were computed using Eq. (9) at differ-
ent depths corresponding to the gray dots in Fig. 5.
and oil microdroplets are, respectively, (0.1, 0.1, 16.1) mm and
(0.1, 0.1, 26.0) mm, with zero initial velocity. According to
Fig. 4, the nearest trapping points to the microdroplets initial
positions are z1 = 16.5 mm and z2 = 26.2 mm. It is worthy to
note that the microdroplets dynamics is similar to a damped har-
monic oscillator, with a characteristic decaying time (i.e. 5% of
the maximum displacement) of about 6 s. Beyond the decaying
time, the microdroplets are three-dimensionally trapped. Re-
ferring to Fig. 6, it is noticeable that the chosen trapping points
have the shallowest potential wells in the pre-focal zone. Even
so, entrapment occurs. Therefore, one should expect that the
microdroplet will be held in all other trapping points, since their
associated potential wells are deeper than those chosen here.
Moreover, the particle dynamics in the x and the y directions
are different because gravity and buoyancy breaks the spatial
symmetry of the radiation force potential Urad.
5.3. Finite element method
Here we compared the radiation force results obtained in the
paraxial approximation as given in Eq. (4), with computational
simulations based on the finite element method (FEM). The
acoustic fields yielded by the circular focused transducer driven
at 1 MHz with intensity 3.3 kW/m2 was simulated in COMSOL
Multiphysics (Comsol Inc., Burlington, MA USA). The perfect
matched layer (PML) boundary condition was employed on the
edges of the simulation domain, to avoid spurious wave reflec-
tions back into the medium.
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Figure 7: (Color online) The trajectories in phase space of (a)-(c) the benzene and (d)-(f) peanut oil microdroplets suspended in water and under the effective
potential Ueff given in Eq. (14). The trapping point depths are, respectively, at z1 = 16.5 mm and z2 = 26.2 mm. The red and the green dots indicate the initial and
final coordinates of the microdroplet, respectively.
In Fig. 8, we show the pressure generated by the transducer
in the FEM simulation. The region describing water is formed
by a triangular mesh having 8 triangles per wavelength. The
simulation convergence was verified by computing the spatially
averaged pressure in a rectangular region of 4×20 mm and cen-
tered in the transducer focus point. No significant change in the
averaged pressure was observed by setting the number of trian-
gles per wavelength larger than 4.
Because the acoustic radiation force in the transducer pre-
focal zone is mostly due to the gradient force, we computed
the radiation force potential Urad of an oil microdroplet us-
ing Eq. (9) for both paraxial approximation and finite element
methods. In Fig. 9, we show the radiation force potential along
the z-axis. In the region between 15 and 40 mm, the FEM simu-
lation revealed four stable trapping points labeled as P1, P2, P3,
and P4 at, respectively, z = 32.6, 25.7, 20.9, 17.2 mm. Points
P1 and P2 coincide to those predicted by the paraxial approxi-
mation method. Nonetheless the methods yield different loca-
tions for points P3 and P4. The discrepancy between the two
methods seen here is somehow expected since the paraxial ap-
proximation yields an unreliable solution in a region from z = 0
to approximately 30% of the transducer focal distance [34]. In
addition, the FEM simulations predict a total of nine axial trap-
ping points in the pre-focal region.
6. Summary and conclusions
The concept of multitrapping acoustical tweezer based on a
single focused ultrasound beam provides a simple method for
simultaneous manipulation of microparticles (Rayleigh parti-
cles). By performing computational simulations based on the
paraxial approximation method, it has been demonstrated that
a focused piezoelectric transducer operating at 1 MHz with an
0 10 20 30 40 50 60 70
z [mm]
40 
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0.2
0.4
0.6
0.8
1.0
1.2
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Figure 8: (Color online) Acoustic pressure produced by the circular focused
transducer with aperture 2b = 40 mm, focus at z0 = 50 mm, 1 MHz frequency,
and intensity of I0 = 3.3 kW/m2, operating in water at room temperature. The
pressure in obtained through computational simulations based on the finite el-
ement method with perfect matched layer boundary conditions on the domain
edges labeled as A, B, and C. The transducer is mounted on a rigid-baffle in
which the fluid velocity is assumed to be zero.
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Figure 9: (Color online) The radiation force potential Urad of a peanut oil
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tion and the finite-element methods. The points labeled as Pi (i = 1, 2, 3, 4) are
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intensity of 3.3 kW/m2 can axially trap microdroplets in the
transducer pre-focal zone. The trapping radiation force is in
the nanonewtons range. We can further notice in Fig. 4 that
off-axis stable points are also present in the pre-focal region.
Unlike entrapment in the focal region, the stability of traps in
the pre-focal zone is not affected by the absorption and the scat-
tering radiation forces. In principle, any less dense and more
compressible microdroplet with respect to the host liquid can be
trapped in the pre-focal zone of the transducer. Moreover, nu-
merical simulations of the particle dynamics in a viscous fluid
have shown that the microdroplets are indeed trapped in the
pre-focal zone. We emphasize that these results depends on the
paraxial approximation used to derive the acoustic fields gener-
ated by the transducer.
A numerical simulation of the wave pressure generated by
the focused transducer was performed based on the finite ele-
ment method (FEM). After calculating the gradient force on an
oil microdroplet, we also found axial trapping points in the pre-
focal region. The methods have good agreement in the region
z > 20 mm.
If experimental investigations confirm the theoretical predic-
tions exposed here, the proposed method might be an advance
in microparticle handling devices based on piezoelectric trans-
ducers.
Appendix A. Axial momentum flux and time-averaged in-
tensity
Let us analyze the divergence of the momentum flux Im[∇ ·
ρ0vinv∗in] in Eqs. (10) and (11). Since the paraxial beam de-
scribed in Eq. (4) is axisymmetric, the azimuthal component of
the fluid element velocity is zero, vin,ϕ = 0. Hence, the diver-
gence of the momentum flux term (second-rank tensor) of an
axisymmetric beam, in cylindrical coordinates, is given by [42]
∇ · ρ0vinv∗in = ρ0
[∂% (vin,%v∗in,%) + ∂z (vin,%v∗in,z) + vin,%v∗in,%%
 e%
+
[
∂%
(
vin,%v∗in,z
)
+
vin,%v∗in,z
%
+ ∂z
(
vin,zv∗in,z
)]
ez
]
.
(A.1)
By taking the imaginary-part of this expression, we get
Im[∇·ρ0vinv∗in] = ρ0
[
∂z
(
vin,%v∗in,z
)
e%+
[
∂%
(
vin,%v∗in,z
)
+
vin,%v∗in,z
r
]
ez
]
.
(A.2)
Referring to Eq. (6) and considering % = 0, we find that
the transverse component of the fluid element velocity is
vin,%(0, z) = 0. Thus, in the axial direction Eq. (A.2) becomes
Im[∇ · ρ0vinv∗in(0, z)] = Im[∂%
(
vin,%v∗in,z
)
%=0
]ez. (A.3)
With aid of Mathematica software [43] and using Eq. (6), we
obtain
Im[∇ · ρ0vinv∗in(0, z)] =
ρ0v20z
2
0
2z2(z − z0)3
[
8z2 sin2
[
kb2(z − z0)
4zz0
]
− kb2(z − z0) sin
[
kb2(z − z0)
2zz0
]]
ez. (A.4)
Another important quantity in the radiation force analysis is
the axial time-averaged intensity, which is given for the focused
ultrasound beam by
I(0, z) =
1
2
Re[pin(0, z)v∗in,z(0, z)]ez
=
ρ0v20c0
2
(4z2 − b2)z20
z2(z − z0)2 sin
2
[
kb2(z − z0)
4zz0
]
ez. (A.5)
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